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Abstract 


In this study, we explore the theoretical features of a multiobjective 
interval-valued programming problem with vanishing constraints. In view 
of this, we have defined a multiobjective interval-valued programming prob- 
lem with vanishing constraints in which the objective functions are consid- 
ered to be interval-valued functions, and we define an LU-efficient solution 
by employing partial ordering relations. Under the assumption of general- 
ized convexity, we investigate the optimality conditions for a (weakly) LU- 
efficient solution to a multiobjective interval-valued programming problem 
with vanishing constraints. Furthermore, we establish Wolfe and Mond— 
Weir duality results under appropriate convexity hypotheses. The study 
concludes with examples designed to validate our findings. 
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1 Introduction 


In modern mathematical research, the concept of mathematical program- 
ming with vanishing constraints has emerged as a novel type of constrained 
optimization problems. Formal analysis was conducted by Achtziger and 
Kanzow [1]. Dorsch, Shikhman, and Stein [9] presented a topological analy- 
sis of mathematical programs with vanishing constraints and introduced the 
new concept of a T-stationary point. By applying the concept of local reg- 
ularization to mathematical programs with vanishing constraints, Hohesiel, 
Kanzow, and Schwartz [13] derived a new solution method for solving such a 
class of optimization problems and proved several convergence results. Later, 
to compute the mathematical problems involving vanishing constraints nu- 
merically, Hoheisel et al. [14] investigated and compared four regularization 
methods, each impacted by a single regularization parameter. The study 
of mathematical programming with vanishing constraints has a wide range 
of real-world applications, including the development of robot motion plans 
[8, 19], the design of optimal truss topologies for mechanical structures [11], 
and the design of nonlinear optimal control problems for mixed integers [20]. 
A multiobjective programming problem involves minimizing multiple objec- 
tives over a set of feasible solutions. Multiobjective programming is chal- 
lenging due to the fact that the objectives for vector optimization problems 
compete with each other, and an improvement on one objective can reduce 
goals for other objectives. There is an enormous amount of literature on op- 
timal conditions and numerous kinds of dualities in multiobjective program- 
ming problems (see, for example, [7, 22, 23]). A constraint qualification is an 
element critical to the existence of Lagrange multipliers in multiobjective op- 
timization problems, as it allows Karush—Kuhn—Tucker optimality conditions 
to hold, thereby assisting with and enhancing optimization algorithms design. 
There have been several recent articles published on optimality, stationarity, 
criticality, and constraint qualification; for instance, we refer to [10, 12, 17]. 
Jayswal and Singh [18] studied about modified objective function approach 
for an equivalent 7-approximated multiobjective optimization problem with 
vanishing constraints and also discussed saddle point criteria. The class of 
differentiable semi-infinite multiobjective programming problems with van- 
ishing constraints was discussed by Antczak [4]. 

Using separate considerations of minimization and maximization, Ishibuchi 
and Tanaka [16] investigated multiobjective optimization problems in which 
the objective functions are interval-valued and developed an ordering rela- 
tionship between two closed intervals. A general methodology proposed by 
Urli and Nadeau [26] provides a way of formulating the non-deterministic 
multiobjective linear programming problem with interval coefficients in a de- 
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terministic way and then solving it with an interactive approach. Under cer- 
tain convexity assumptions, The Karush—Kuhn—Tucker necessary optimality 
conditions for nonlinear differentiable multiobjective programming problems 
with an interval-valued objective and constraint functions were derived by 
Hosseinzade and Hassanpour [15]. Studies on optimality conditions and dif- 
ferent types of duality for multiobjective programming problems with interval 
objective function are quite widespread (refer to [6, 27, 28, 15, 21]). In this 
paper, we aim to investigate the optimality conditions and the duality results 
for multiobjective interval-valued programming problems with vanishing con- 
straints under the Abadie constraint qualification. 

Following is an outline of the rest of this paper: Section 2 consists of some 
basic definitions, background material, and the necessary optimality condi- 
tions. Section 3 represents the sufficient optimality conditions for multiob- 
jective interval-valued optimization problems with vanishing constraints. In 
Sections 4 and 5, Wolfe type dual and Mond—Weir type dual are presented, 
and appropriate duality results are also discussed. Section 6 explores special 
cases. Finally, the paper is concluded in Section 7. 


2 Preliminaries 


This section contains a list of notations and basic definitions which will 
be used throughout the article. Let R” be the Euclidean space with n- 
dimensions and R' be its nonnegative orthant. For a given a, O(a) is the 
system of the neighborhoods of a. For A C R”, spanA and posA stands for 
its linear hull and convex cone (containing the origin) of A, respectively. Let 
A # ¢ and let the contingent cone of set A at the point a, be denoted by 
T(A,a). Let I(R) be the set of all closed and bounded intervals in R. For the 
case where A; € I(R) is a closed interval, we use the notation Ay = [at, ag], 
where oy and ay represent the minimum and maximum values of Ay, re- 
spectively. Let 


Ai = [ago], Az = [8', Bo] € I(R). 
Then we have 
(4) Ar + Aa = {a0 + Bo | ao € Ai and Bo € Ao} = [ag + BY, af + 69], 
(ii) —Ay = {a0 | ao € Ar} = [-af, —09], 
(iii) Ay — Ag = Ay + (—Aa) = [af — 8,09 — 8G), 


[kad , kad], ifk>0, 


tad! hed ee where k is a real 


(iv) kAy = {kao | ao € Ai} = 


number. 
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The real number & € R is equivalent to the closed interval Ai, = [k, ki]. 
Let Ay = [ag,a¥] € I(R) be a closed interval. We write the sum of an inter- 
val A, € I(R) and a real number k as A, + Aj,. Thus, Ay +4 = Ay +A, = 
[od +k, al +k]. 


For Ay = fag, a9] and Ao = [6%’, BY], the order relation x;y is defined 
as follows: 
(i) Ay Xxu Ag if and only if ar < ae and al < cine 
(it) Ay ~<LU Ao if and only if Ay ~<Lu Ag and Ay F Ag. 
It is obvious that, Ay ~zy Ag if and only if 


ay < BE and al’ < BY, 


: an x oy and. of <8. 
; ak < BY and al < By. 
Furthermore, for u,v € R™, we use the following notations: 
(i). w<x 0S U; < %;, for alli € {1,2,...,m},u & 0 is the negation of t < 
v 
uy; < 0;, for alli € {1,2,...,m 
(i). wXxte ea t } 
tig < ig, for at least one ig € {1,2,...,m}, 
u # v is the negation of u x ¢. 
In the present analysis, we consider the following differentiable vector opti- 


mization problem with multiple interval-valued objective function with van- 
ishing constraints (MIVVC): 


MIVVC — min J(E) = (01(€), Ba(§),---, Um(§)) 
subject to 
Ti(€) <0, for alli =1,2,...,p, 
oi(§) =0, for alli =1,2,...,¢, 
pi(€) >0, for alli =1,2,...,7, 
wi(€)pi(€) <0, for alli =1,2,...,7, 


where each J; : R” > I(R),i € T = {1,2,...,m} is an interval-valued 
function; that is, J;(€) = [v L(g £), 07 (€)],i € T and 7(4 = 1,2,...,p), 
oi(t = 1,2,...,q), pi, wilt = 1,2,...,1) are assumed to be continuously 
differentiable functions from R” R. Let us denote T, := {1,2,...,p}, 
Ts := {1,2,...,q}, and T, := {1,2,...,r}. The feasible: solution set of 


MIVVC is given by 


Fyc = raat | 7;(€) <0, for alli =1,2,...,p, 
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oi(€) =0, for alli =1,2,...,4, 
pi(€) >0, for alli =1,2,...,7, 


wi(€)oi(€) <0, for alli =1,2,.. a): 


Definition 1. A point a € Fyc is said to be a locally LU-efficient solution 
of MIVVC, if there exists a neighborhood U € O(a) such that there is no 
€ € FycN U satisfying 


0(€) Xru V(a). 


Definition 2. A point a € Fyc is said to be a locally weakly LU-efficient 
solution of MIVVC, if there exists a neighborhood U € O(a) such that there 
is no € € FycN U satisfying 


OE) ~LU O(a). 


Let a € Fyc be any feasible solution of the MIVVC. The following index 
sets will be used: 
Ty (a) := {1 € T, | pi(a) > O}, 


To(a) := {i € T,. | p;(a) = Of. 
Furthermore, the index set JT, can be divided into the following subsets 
Tyo(a) = {1 € Tr | pi(a) > 0, wi(a) = 0}, 


Ti_(a) := {i € T, | pi(a) > 0, wi(a) < O}. 


Similarly, the index set Tp can be partitioned in the following way 
Tox. (a) = {i € Tr | pi(a) =0, wi(a) > 0}, 


Too(a) = {7 € T, | pi(a) = 0, wi(a) = Of, 
To_(a) := {1 € T, | pi(a) =0, wi(a) < OF. 
Definition 3. A point a © Fyc is said to be a strong stationary point of 


MIVVC if and only if there exists (a”,a¥, 7, A7, A”, A”) E RT x RT x RP x 
R¢ x Rx R’ with (ak +a¥) = 1, AF, (a) = 0, \T49(a)UT>_ (a) > 0, 


1ET 
NT, (a)UTo+ (a)UTo0(a)UTo— (a) = 0 and NT 0 


S- ab V0" (a) + ‘> al V0" (a) + S- MV Tj (a) + > AP Vo;(a) 


ieT ieT 1eT, 1eT, 


+ » AY Vw; (a) — ye ALY pila) = 0. 


tE€T 10 t€To94UTo0UTo— 


(a) > 0 such that 


Definition 4. A point a € Fyc is said to be a VC-stationary point of MIVVC 
if and only if there exists (a%,a¥,A7,A7, AX”, A”) € RT x RT x RP x RI x 


Tran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 354-384 


359 On optimality and duality for multiobjective ... 
: L U\ _ Pp = Pp 
R” x R” with mi (ak +a¥) =1, XP, (a) = 9 AT6(a\UTo_(a) 2 9 


NP, (a)UTo4.(a)UTo0(a)UTo_ (a) = 9 aNd AF, | (a)UT(a) 2 9 Such that 


S\ af VIE (a) + > al VOP (a) + S> APVri(a) + $2 AFVoi(a) 


ieT 1EeT teT;, 1E€TS 
- ) EV pi(a) + ) AP Vwi(a) = 0. 
4€To4UTo0UTo~— t€T10 


For a € Fyc and (A7, 7, \%, 4°) € RP x RY x R" x R", let us define 
T+ (a) := {i € T,(a) | AT > 0}, 
T+(a) = {4 € Tyla) | Mf > OF, Te (a) = {6 Tela) | AF <O}, 
(a) = {6 Ty (a) | > O}, 
a) | > 0}, Py (a) = {6 € To(a) | Xf <0}, 
a) | XP > 0}, To, (a) = {6 € Toy (a) | XP < 0}, 
T,(a) = {4 € Tyo(a) | A? > 0}, Z55(a) = {2 € Tho(a) | AP < 0}, 
Tit (a) := {8 € To_-(a) | > 0}, 
Tyla) = {t € Tyo(@) | AY > OF, Tyla) = {2 € Tyo(a) | A? < Of, 
Tt (a) = {6 Tr(a) | AY > 0}, 
| AY > 0}, To (a) = {4 € Tos (a) | AP <0}, 


To’ (a) = {i € Ty 


| A? > O}, Too(@) = {t € Too(a) | A? < Of, 
To_(a) := {t € To_(a) | A? > Of. 
Definition 5. Let a € Fyc. 


(i) The linearized cone of MIVVC at a is 
L(a) := {de R” | (V7;(a), d) <0 GE T;), (Voi(a), d) =0 (i € T,), 
(Vpi(a), d) =0 (i € To+); (Vp;(a), d) >0 (é € Too U To_), 
(Vwi(a), d) <0 (1 € Tyo)}. 


(ti) The VC-linearized cone of MIVVC at a is 
Lyo(a) := {de R” | (Va7i(a), d) <0 @ € T,), (Voj;(a), d) =0 (i € T,), 
(Vpi(a), d) =0 (1 € To+), (Vai(a), d) 2 0 (¢ € Too U To_), 
(Vw;(a), d) <0 (i € Tyo UToo)} . 


Definition 6. The Abadie constraint qualification (MIVVC-ACQ) is said to 
hold at a € Fyc if 
L(a) C T(Fyc, a). 
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Definition 7. The vanishing Abadie constraint qualification (MIVVC-VACQ) 
is said to hold at a € Fyc if 


Lyc(a) € T(Fvc, a). 


The following theorem can be written in a similar way to Proposition 1 
of Tung [25]. 


Theorem 1 (Necessary optimality conditions). Let € be a locally weakly 
LU-efficient solution of primal problem MIVVC and also further assume that 
if MIVVC-VACQ holds at € and the set 


A; :=pos| L) Vr(f) U LJ (-Vailéo)) 8 [LU Vwiléo) 


1€T;, 4t€ Too UTo— t€T40UToo 


+ span} (J Voi(é) U LJ Vil) 
tel » 1€To4 
is closed, then there exists (a”,a,\7,A7,A¥,\?) € RT x RT x RP x 
R? x R" x R" with (ak + a¥) = 1, ye = 0,rR UT (6) = 


teT 
0, AT (€0)UTb+ (€o)UTo_ (0) = 0 and Az, 2 0 such that 


T+ (0) 


T+40(&0)UToo (£0) 


S- af VIE (a) + > al VOP (a) + S> ATV ri(a) + S> AF Voi(a) 


eT ieT icT, ICT 
— > EV pila) + x AP Vwi (a) = 0. 
1eT, i€T, 


3 Sufficient optimality conditions 


In this section, we establish sufficient optimality conditions for the problem 
MIVVC using the concept of generalized convexity. 


aor 2. Let &) be a strong stationary point of MIVVC. Suppose that 
ae U Le = @ and 7 (i € T;), 0; (i € TS), -—o (i TT), wi (@ € 
Tyo), —pi (i € ee rae To U To_) are quasiconvex functions at €. If 


3 "AEG: ‘+ x. al ¥% (-) is pecudoeenvex function at €, then & is an LU- 
ieT 
efficient Solution “of MIVVC. 


Proof. Since & - a strong stationary point of MIVVC, there exists (a”, a", 

AT, AZ, AY, AP) E REX RY x RP x RIX R!X RB’ with (ab +a; P)=1Ap = 
ter 

0, Mout, 2 9. AP, UT), UT). = 9 and AZ, > 0 such that 


Tran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 354-384 


On optimality and duality for multiobjective ... 


So ak VIE (fo) +S oY VOY (fo) + S> ATV ri(Eo) + S$) APVoi(Eo) 


1ET iEeT teT, 1€T, 
— $5 NV pilEo) + $5 AY Vwi(Eo) = 0. (1) 
i€T,. ieT;, 


For an arbitrary € € Fyc, we get 7;(€) < 0 = 7;(&0) for each 1 € T,. Thus the 
quasiconvexity at & of 7; (i € T,) gives that 

(V7i(€o),§ —&) <0, for allie T,, 
consequently, together with A7 € R? leads that 


(x usVntGone - 6 <0. (2) 


teT. 


We deduce from €,£ € Fyc that oi(€) = o;(€) = 0, for alli © T,, and 
hence, 


oi(€) < oi(€o) =0, for alli e TY and —o;(€) < —oi(€o) =0, for allie Ty. 


The above inequalities along with the quasiconvexity at £9 of o; (i € Ty) 
and —o; (t € T>) ensure that 


(Voi(£o),€ — £0) < 0, for allie TY and (—Vo;(f),€ —&) <0, for allie Ty. 


Thus, taking into account the definitions of T+,T> results in 


(> AP Voilfo),€ — «) < 0. (3) 
ieT, 


Again, we deduce from € € Fyc that —p;() < 0,w:(€) > 0, for alli € T,. 
Thus, 


(£0), ie Tyo. 


Therefore, the quasiconvexity of —p;,i € Tt. Ut ne U To and w;,7 € sive at 
€9 yields that 


pig) < ~ pi(€o), te TH UTMUTS, 
< wi; 


(-Vpi(fo),€ -€0) <0, for allie To UTS UTS, (4) 
(Vwi (£0), € — £0) <0, forallie Tis (5) 


As 1 U fies = ¢, we presume from (1)—(5) that 
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(Solver of So al VI" (fo), € = «) 


iT i€T 
“(> ATV 7i(€o) + S- AP Vail) — S- MV pi(Eo)+ 
1ET. i€Ts i€T, 
S> APVwi (Eo), € - ©) 2 0, (6) 
icT,. 


for all € € Fyc. 
On the contrary, suppose €o is not an LU-efficient solution of MIVVC. This 
leads to the existence of a feasible point € € Fyc such that 


8(E) Xu Y(E0); 


that is, for 7 € T, 


HE) <0G) 4 f OSG) fH) < 0h 
OF (§) SOF (Eo) i (f) < ) OF (8) < 87 (Eo) | 
From the fact a” € R?,a” € RP? with > (ak + a¥) = 1, then above in- 


i€T 
equalities together yield 


So ahah (Q + So al 8P (&) < So af 0 (&) + S- a 0 (6), 
ieT ieT 1eT ieT 


which by the pseudoconvexity of > af ¥F(-) + > a¥ 0% (-), we obtain 
ieT ieT 


(x ay VOT (Eo) + 5 a VF (&), € - «) <0, 


‘eT 1eT 


contradicting to (6). 


Theorem 3. Let € be a strong stationary point of MIVVC. Suppose that 
a ae and 7 (i € T;),oi (i Tt),-o; (@ € T>),u; (i € 
Tyo), pi (i € Th, U 15 U TG) are quasiconvex functions at fo. If 
> abd¥l(-) + 4) a¥ VY (-) is strictly pseudoconvex function at &, then £0 


i€T i€T 
is a weakly LU-efficient solution of MIVVC. 


Proof. Similar to the proof of Theorem 2, we get 


(x af VF (Eo) + >) af VOF (0), € - «) 


ieT ieT 
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= (> MVri(Eo) + > AP Voi(Eo) — S> ARV pi(Eo)+ 


ieT, iT, i€T, 
> r7 Vwi (&o), € — «) > 0. (7) 
ser, 


Reasoning by contraposition, assume that €) is not a weakly LU-efficient 
solution. Then there exists a feasible point € satisfying 


B(§) <zu ¥(Eo); 


that is, for 27 € T, 
oF (6) < OF (6), 
OF (E) < OF (£0). 
From the fact that a’ € RP,” ¢ RP with Y (af + af’) = 1, and by the 
above inequalities, we get = 


So ab (+S 5 al WF (8) < So af Wi (Go) + S- al OF (6). 


i€T ieT i€T i€T 
By using the strictly pseudoconvexity of 37 a ¥E(-) + > a¥Y(.) at € on 


i€T i€T 
Fyc, we get 


(x ay V0? (Eo) + S¢ af Vol (6), € - «) <0, 


ier ieT 


contradicting to (7). 


Now, we verify the sufficient optimality conditions by an example. 


Example 1. Consider the following multiobjective interval-valued program- 
ming problem with vanishing constraints (MIVVC-1): 


MIVVC —1R4—min 0(€) = (01(€), 92()) 
= ([4¢? -€,467 +2641], [6° — 26, €* + 26]) 
subject to 
pil) =€ 2 0, 
w1(€)pr() = (—1— €)€ <0, 
where Of (€) = 4€? — €, 03 (€) = €? — 2€, OY (€) = 4€7 +E4-1, 09 (€) = £44.26, 
which is in the form of MIVVC with m = 2,n=1,p=q=0, and r=1. 


The feasible region of MIVVC-1 is Fyc; = {€ € R| pi(€) > 0, wi(E)pi(€) < 
O}. 
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| |—#®) 
—nv 


0 05 1 15 “0 05 1 15 


(a) Graphical view of 01 (€) = [0% (€), 8Y (€)] (b) Graphical view of 02(€) = [84 (€), 99 ()] 


0.5 


-0.5 


x 


Graphical view of the feasible region of MIVVC-1 


Note that > = 0 is a feasible solution of MIVVC-1. By simple cal- 
culations, we get T(Fyci, £0) _ Fyci; Vt (£0) — 1=1) 3 VE (Eo) = 
{2}, VOY (o) = {1}, VOY (Eo) = {2}, Vor(Eo) = {1}, Vur(éo) = {-1}, 
Ty =To+ =To- = 4, Too = {1}, 


( U Ba) = {€€R|€>1}, 


1€Too 


( U (vote) ={€eR|€>]}, 


4€Too 


( U (vt) n ( U verte) ={€eR|€> 1}. 


t€Too t€Too 


Hence, 
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( U vate) A ( U (vote) C T(Fve1, £0), 


t€Too 4€To0 


yields that MIVVC-VACQ satisfies at &). Moreover, 


asp U vale UJ vu) = (eer €> 1 


t€Too it€ Too 


is closed. Thus, all assumptions in Theorem 1 are satisfied. Then there exist 
at = af = 5,af = a¥ = $,Af = 0,AY = 0 such that (1) is satisfied at 
&) = 0 for he problem MIVVC- 4 Furthermore, it can be easily observed 
that the hypothesis of Theorem 3 hold at €) = 0, and owing to the fact that 
for € # &, V(E) Aru V(Eo). Then, we assert that € is a locally weakly 
LU-efficient solution of MIVVC-1. 


4 The Wolfe type duality 


In this section, we present the Wolfe type dual problem to MIVVC assuming 
that all the functions to be convex. For a given t, O(t) is the system of the 
neighborhoods of w. For &) € Fyc, (u,a”, a%, AT, A7, A”, A?) € R” x RY x 


R® x RP x RY x R" x R? with (ak +a¥) =1 oe (Eo) = 9 AT 4 (€0) < 0, 
ieT 
and Ap (€0)UTo_(€o) > 0, we define 
L(u, oF, a¥, 7,07, , A?) = (ow) - » Mri(u) + DO ANoi(u) 
i€T;, i€T > 
- S- dP pi(u) + be ssa(u) e+ 
i€T,, i€T, 
+ » Mri(u)+ S> AZo;(u)— 
i€T, i€T > 
» Npi(u) + S- satu) e), 
i€T, i€T, 


where e := (1,...,1) € R™. We consider the Wolfe type dual problem as 
follows: 


(WD. (&)) RT — max L(u,a”,a¥,X7, 7, X”, NM”) 


subject to 
So af VoF(u) + So a2 VO" (u) + SO APVri(u) 
i€T i€eT i€T, 
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+ S- AY Vai(u) — S- NV pi(u) + S- AYVux(u) = 0, 


1ETs t€T,. i€T, 
S ; L UV 4 Xp 
(a; +O; ) — 1, AP, (6) = 0, N74. (Eo) < 0 and 
1ET 


AT (€o)UTo_ (Eo) = 0, (u, a’,al, N," rN”. r”, AP) E 
R" x RP x RY x RP x REx Rx R". 


The feasible set of (WD(&)) is defined by 
Fycw (fo) =f (ua ,a¥, AAPA) € R" x RT x RY x RP x RI x R" 


r L U Ww 
x R"|S° (af +a) = 1, Me, (9) 2 9: AFo4 (Go) <9, and 


ieT 
NT, _ (€o)UTo— (Eo) 2 0, s ay V0; (u) + > al VI" (u)+ 
‘eT teT 
So ATV ri(u) + $5 APVoi(u) — SS AV pi(u)+ 
1ET;, 1€T, i€Ty 
S- AP Vwi (u) = of. 


i€T, 


The Wolfe type duality problem of MIVVC, which is not dependent on 
fo, is 


(WD) : Rv — max L(y, a”, a7, 7,7, A”, N°) 
subject to 
(w, at, al, rN’, ’, ”, A?) S Fycw = () Fycw (0). 
€0€F yc 


Definition 8. Let & € Fyc. Then (u,a’,@,\7,\7, A”, \°) © Fyvew (Eo) 
is a locally LU-efficient solution of (WD,,(&)) (locally weakly LU-efficient 
solution of (WD,,(& ))) if there exists U € O(a) such that there is no 
(u,a®,a¥%, AT, A, A”, A?) € Fycew (Eo) OU satisfying 


La, a, ae ew rd?) A1Lu L(u,a",a”, AT, A7, A”, A?), 

(LG a a NaN are a ~<LU L(u,a”,aY, AT, A? , A*, A?) : 
Theorem 4 (Weak Duality). Let € € Fyc and let (,a”,a¥,X7, 7, A, A”) € 
Fycy- Suppose that r;(i € T7(€)),oi(¢ € T3(€)), ait € Ty (€)), pilt € 


To (€)), pili € THE (€) U Ty (€)), wilt € Tho (€) U TH (€) U To (E) U Tot (€)), 
—w5(4 € Tyo (€) UT, (€) U T99(€)) are convex functions at %, 


(7) If 04,09 (i € T) are convex functions at 7, then 
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d(€) ALU L(y, al, a”, rN, As as AP). 


(ii) If OF, 0Y (i € T) are strictly convex functions at w, then 


f) Ziv L(y, or ar, r" rv’, A”; A*). 


Proof. For € € Fyc and (,a%,a¥,X7,X7, A”, 4°) € Fvcew = 1) Fvew(Eo), 


€0€F vc 
one gets 
a(€) < 00 € T,),0;(€) =0 (4 € T,), ox(€) > 0 € T,), wi (E)a.(6) <0 (7 € T,) 
(8) 
and 
So af VIEW) + So al Vol () + SO ATW ri) 
icT i€T i€T, 
+ $5 APVoi(b) — SO MV pil) + D> APVux() = 0 (9) 
1E€T, i€T,. 1€T;, 
with 
L U\ __ Ww Ww 
dD (oF +¥) = LAE 29 ARE SOAR un 20 (10) 
1ET 


Therefore we conclude from (8), based on the convexity of 7; (i ¢ T(€)), a (¢ € 
Te (€)), —o% (@ € Ty (€)),p: @ € Ts (€)),—p: (i € THE) UTH),us (i S 
Tol) U TH_(€) U Too (€) U T(O), —wi (6 € Tyo (€) UT, (€) U To9(€)) at b 
and by she definitions of index sets that 


a 


7 (b) + (V(b), € — w) < 7 (€) <0,A7 > 0, for all i € T7(8), 
oi() + (Voi(b),€ —¥) < oi(€) = 0,7 > 0, for all « € T(E), 
—oi(p) + (—Voi(W),€ -— b) < —o4(€) = 0, AF <0, for all ie TF (8), 
pil) + (Voilh),€ — ¥) < pil€) = 0, AP <0, for all i € Ty (E), 
—pi(h) + (-Vpi(h),€— ¥) < —pi(€) < 0, A? > 0, for all i € T(E), 
—pi(h) + (-Vpi(h),€ -— ) < —pi(€) < 0, A > 0, for all 1 € T(E), 
wily) + (Vai (bh), €— Y) < wi(€) = 0, AP > 0, for all ¢ € TH(E) U Toh(E), 
wilh) + (Vwilh), € — ¥) < wil€) <0,AP > 0, for allie TH (QUTH(O), 
—wi(b) +(—Vui(h), € — b) < —wi(€) = 0,7 > 0, for all ¢ € THy(E)UToo(€), 
—wi(W) + (-Vwi(W), € -— ¥) < —wi(€) < 0,AP <0, for all 1 € Ty, (6). 
The above inequalities imply that 
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SAF) +H oud) — I Moi) +H rPexts) 


ieT, teT i€T,,. 1ET,. 


+ Yo ATV) + SD APVou(d) — SO NVpi(W) 


i€T, i€To i€Ty 
+ $0 AVwi(), € - | <0 
i€T, 
By using (9) and (11), we obtain 


(Saber + So al vol (h),€- ») 


ieT ieT 


=- ( Do ATV TiC) + SO APVou(h) — SS AMV oi) + SO APVwi(H),€- v 


i€Ty i€To i€Ty. i€Ty 


> YO ATH) + DS APou(H) — SO Moi) + D5 APwi). 


1€T, t€To i€T, i€T, 
(4) Suppose to the contrary that 
v(€) <LU L(y, eo. a’, r’," Ans ”, AY). 


Then, we deduce from (13) and a’ € RT,a” € R® that 


(oP 0" Ey Cp a a OF A AY NO) 0 
(a, 87 (6) — Lip, a”, a7, AT, A7, A”, AP)) <0 


which is equivalent to 


So af 0H) a0) ~Srat (SD xnlw + D wow 


—S> Moi(b) +S nal, <0 


1€T, 1€Ty 


On adding, we have 


368 


(12) 


(13) 


deat (8 (6) — 8) + Dad (8 ©) — HH) - D (aF +07) 
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i€T, i€T, i€T,. i€T,. 


It follows from > (af + al’) = 1 that 


doo (85 ©) — HEC) + DoF (HF (6) — 87 (W)) 
< » Mri(h) + So AZoi(d) — SS Moi) + S- rst) ; 
1ET, $C Ts i€T,. i€T,. 


From the convexity of 04,07 (i € T) at w, we get 


a? 7 


F(é)— OF (p), for allie T, 
Ye) 94 (¥), for alli ET, 


which leads that 


(Scatveriine—w) < Soab (90), 


m 


(s ay VOL (b),§ - °) SD lay (HO) - HW). 


i=1 


We deduce from the above inequalities and (14) that 


(s al VOL (w) + S— al VO (Wh), €- °) 
4=1 


i=l 


< » Mri(b) + D5 APoi(d) — SO Noi) + YO APwi(d 


icT, i€To i€T; i€Ty 
which contradicts with (12). 


(ii) Reasoning by contraposition, suppose that 
B(E) X1u Lp, 0", a7, 7, d7, A”, MW”). 


We deduce from (16) and a’ € R'®, a’ € R™ that 


(a® OE) — Lae" oF AAP A) <0, 
(a, 9" (€) _ L(p, ata’, r, MAA) < 0, 


or 
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(= Mile) + S2 Mould) — D> Moilh) + So sseto)) <0. 


(14) 


(15) 


) 


(16) 
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(act, 0 (€) — L£(yp, ocak, A7,A7, A”, AP)) <0, 
(a7, 0" (£) — Lp, ara AT AP, AY, APY) <0 


or 


(ah, 08 (€) — Lip, a®,a¥, 7, A7, A”, A?)) <0 
(a? 87 (6) — L(y, a”, a7, AT, 7, A”, AP)) <0, 


which is equivalent to 


Doe (8) — HW) +) al’ (07 (6) — 0") 


i=l 


< So (af +a¥ ) (Ean Mri(h) + SO APai(h) — So Api) + SO APwi() 


1ET, teT, tET, t€T, 


It follows from y (ap + al) = 1 that 


deat (8F(E) — 9) +) J a (HE) — 8F ()) 


< (= Mri(b) + So AZoi(b) — SS Mov) + S- rst) » de 


1€T. 1€T,; 1€Ty i€T, 


From the strict convexity of JF, 04 (i € T) at w, we get 


4) a 


(VoE(h),€—) < dE (€)—VE(h), for allie T 
(Vol (w),€—b) < WY (€)-— OY (YW), for allie T, 


which leads that 


It follows from (17) and (18) that 


(Salvo + Soalvat we) 
4=1 


w=1 


< (= Mr(h) + D> AMou(d) — D> AM oil) + DO ast) 


teT, 1€T, 1€T, 1€T,. 
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contradicting to (12). 


Example 2. Consider the following multiobjective interval-valued program- 
ming problem with vanishing constraints (MIVVC-2): 


MIVVC—2 R4~min 9(€) = (01(€), 2(€)) 
subject to 
pr(§) = E 2 0, 
wi (€)p1(€) = —e* *€ <0, 
where JF (€) = 2€ + 4,04(€) = —2€ + 1,0 (€) = e%, 09 (6) = —€ -1, which 
is in the form of MIVVC with m=n=1, p=q=Oandr=1. The feasible 
set of MIVVC-2 is Fycg = {€ € R| pi(&) > 0, wil(€)pi(€) < O}. For any 


&o € Fyco, the corresponding Wolfe type dual problem to MIVVC-2 is given 
by 


(W Du (Eo) — 1) RP — max L(u, a”, a”, \”, A?) 
= ([2u+4,e] + (Aq (u) + AP(-e"™))(), 
[—2u + 1, -u— 1] + (—Af(u) + AZ (—e*™)) (1) 


subject to 
ay (2) + a} (2e™) + ag(—2) + a3 (—1) — A4(1) 


= 0, ifl S T+ (£0), 


of tol = haf bof = 138) 2? ifl € To(€o) 


<0, 4/1 © Thx (Ep), 
At = 0, ifl [= T,—(&) U To_ (0), 
€ R, if1 € Ty0(€0) U Too(&o), 


where (u,a’,a¥at,a¥,”,°) € Rx Ry x Ry x Rex Rex Rx R. 


Therefore, we get the following feasible set of problem (W D,,(&) — 1): 


(Fycw (0) = 1) ={ (wal. a¥ af af,.° 9) € R"x R? x RY 


xRE x RE XR xR let +07 = ley +f = 1, 


ME RAP € RakV0F(u) + oF VOU (u) + a& VIF (u) 


+ a3 V5 (u) — MVp1(u) + APVwr(u) = of. 
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By elementary calculations, we get V1 (fo) = {2}, VUY (fo) = {2}, 

Vz (Eo) = {-2}, VOE (Eo) = {-1}, Ver(fo) = {1}, Vor (Eo) = fe}, Te = 
To+ = To = ¢, Too = {1}. 

Clearly, (u,at,al,a¥,a¥,X”, \?) = (0, 3, 3, 3, 3,0, $) is a feasible solution 
o (WD.(&) —1). We also note that = Oisa facile solution to MIVVC- 
2. On the other hand, it is easily verified that the hypothesis (7) and (7) of 


Theorem 4 are satisfied at u = 0. 


Theorem 5 (Strong duality). Let & € Fyc be a locally weakly efficient 
solution of MIVVC. If MIVVC-VACQ holds at 9 and the set A; is closed, 
then there exists (a, a’, AT, AT, AY, °) € RP x R™ x RP x RO x Rx RP 
with Mt Lua 0, ee (€0)UTo4 (§0)UTo— (Eo) 0 and 


0,7, Too (€0 )UTo-— (0) =e 
NF, o(€o)UToo (go). = 2 0 such that (fo, a” ,al re a ae d?) € Fycw (£0) and 


B(Eo) = L(Eo,a",a7,X7,A7, A”, A”). Furthermore, assume that 7;(i € 

Ty (§0)), 04 (@ € T+ (€o)), —ai(i € Te (€0)), elt € Ty (€0)), —ai(é € TE (Eo) U 

Te (€0)), wild € Tho (€o) U TH (Eo) U Toh (Eo) U Tok (€0)), —wilé € Tyo (€0) U 
To.(&0) U Tog (€o)) are convex functions at 0. 

(i) If oF, 8Y (i € T) are convex functions at €, then (£,@”, aU, X7, X7, A”, A”) 


a? a 


is a weakly LU-efficient solution of WD, (0). 


(ii) If 0+, 0" (i € T) are strictly convex functions at £, then (€),a@",a", 7, 


4 a 


X7, A”, \?) is an LU-efficient solution of W D,, (£0). 


Proof. In view of Theorem 1, there exists (@”,a@,X7,\7, A”, A?) € RP x 
Rt x RP x RY x RY x RP with = 0, Ms enue) 29 
ie aoe = 0 and 42 


> 0 such that 


T+ — (0)UT0+ (€0)UTo~ (& T+0(&0)UToo (Eo) 


YS) a7 Vor (Eo) + Saf VOF (fo) + S> AFWri(Eo) + $5 AP Vou(Eo) 


icT i€T i€T, i€T > 
— $2 PVpi(Eo) + $5 APVwil(Eo) = 0. 
icT, i€T, 
Since X7 € R?, one has \77;(€0) = 0 for alli € T,, and thus, $7 \77;(€o) = 0. 
The fact > € Fyc guarantees that 2 AZ a; (Eo) = 0. hina we observe 
by Af, (¢,) = 9 and pi(&o) = 0 for ae To(€o) that & r} pi(€o) = 0. Anal- 


a . as AG, ()UTo GoTo (é9) = 9 and wi (fo) = 0 ‘for all ¢ € Ty9(&) U 
Too(£o), we know that 57 A%w;(€o) = 0. Thus, (0, @”, a@Y, \7, A7, A”, AP) € 
i€T,, 


Fycw(fo) and D> Afri(Eo) + D2 AFoi(Eo)— Do Af pi(Eo)+ xX Ayu; (Eo) = 0 
vel, 


i€T, i€T, ieT,. Sense 
which is nothing else but the following equality 0(€)) = L(€o, a”, a, AT, X7, AX, NP). 
(i). Now, arguing by contradiction, let us suppose that (€),a%, a, \7, \7, A”, A”) 
is not a weakly LU-efficient solution of WD,,(&0). By the definition, there 
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exists (u,a”,aY,X7, A, A”, A?) € Fycy(&o) such that 


L(&, a”, av xa pA AP Py ~<LU Lu, 00°, X7,A7,X”, AP). 


This shows that 0(&) <zy L(u,a’,a¥,X7, A, A”, A”), which contradicts 
with Theorem 4(i). 


(ii). Reasoning to the contrary, let us assume that (,@”,a/, 7, 7, \”, °) 
is not an LU-efficient solution of W D,,(&)). Then it guarantees the existence 
of (u, a”, a7, X7,A7, A”, A”) € Fvcy,(&) such that 


L(Eo, ar, av, As x ie A°) X1Lu Llu, a al, As Ans Ans AP) 


Consequently, 0(€)) Xzu L(u,a”,a%,\7, 7, A”, \?) which contradicts with 
Theorem 4(ii). 


Theorem 6 (Strict converse duality). Let € € Fyc bea locally weakly 
efficient solution of MIVVC such that MIVVC-VACQ holds at € and the 
strong duality between the MIVVC and the (WDw(€)) as in Theorem 5 
holds. Also, let (a, @",@%,X7,A7, A”, \?) € Fyc,, be an LU-efficient solu- 
tion of (WDy(&)). Moreover, Assume that 0%, 04 (i € T) are strictly con- 
vex functions and that 7;(i € ‘T+(8), ai(t € T+ (6), —o;(t € TD 2), pili € 
Ts (©), pili € FH QUIS O), wild € Tho QUIZ (QUT OUT), wilt € 


i Se 9 (€)UT5 " (€)UTog(E)) are convex functions at 7), respectively. Then, € = 1. 


Proof. Suppose on the contrary, & - wp. Then, by Theorem 5, there exist 
€ € Fyc and (W, a”, a”, A7, 7, A”, A?) € Fycy, and hence 
HO) = 0,8" A", AX, NP, AP). (19) 


The strict convexity of 02, 0Y (i € T) at w gives that 


a? u 


(So ab veri) + Sof vor wes) 


t=1 


< b> Mri(b) + SO APoi(h) — So Moi(d) + © rst) . (20) 
ieT, 4ET, 1€T,. 1€T,. 

The convexity of 7;(i € T+ (€)), oi(i € TH (6), -oi(t € Ts (6), | ; 

pili € Te ),—pilt € THO UTHO) wil € Thol UTP U THA) U 

To_(€)), —wi(i € Tyo (€) U T>,(€) U T59(€)) at w and by the definitions of 

index sets imply that 


ri(d) + (Wri), €—B) < ri(é) = 0,47 > 0, for all ie T(E), 


oi() + (Vou), €-b) < oil) = 0,7 > 0, for allie TH (6), 
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<upgilly< 0,A° > 0, for alli € TT), 


2 —pi(€) < 0,2 > 0, for alli € re), 


which implies that 


TT inG+ To wails) — Eta + 0 xfelS) + (y VAC) 


i€T, 1ET, i€T,. 1ET,,. i€T, 
+ S52 APVoi(b) — SO AMV pil) + D> APVur(d), € - s) =0.- 21) 
1ET, i€T,. 1ET, 


On adding the inequalities (20) and (21) and by using the duality constraint 
(9) of (WD.(€)), we have 


Lp, ar, av, Me i, Me Xe) <LU v(€), 


which contradicts with (19). 


5 The Mond—Weir type duality 


The Wolfe dual of the primal problem, which we discussed in the last section, 
says that all functions must be convex. Wolfe duality does not work for func- 
tions, where the objective function is only pseudoconvex and the constraints 
are only quasiconvex in the primal problem MIVVC (see, Mond [24]). So, 
in this section, we propose a Mond—Weir type dual to the primal problem 
MIVVC to weaken the convexity assumptions. 


Consider & € Fyc, (u,a”, a7, 7,7, A%, A”) € R" x RT x RT x RP x 
RI x R" x R"” with dla +a¥) = 1, AF, (5) > 0, AZ, (€) < 0, and 
NP. (€)UT_ (Eo) > 0. We consider the Mond—Weir type dual problem as 


follows: 


(MW Dy (o)) RY? — max V(u) 
subject to 
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So af Vor (u) + > al VOY (u) + S$ ATV ri(u)+ 


ieT ieT i€T, 
S- AY Vai(u) — S- EV pi(u) + S- AYVui(u) = 0, 
i€T, ieT, ie. 


ATT (u) > 0 (4 € T,), AZoi(u) =0 (6 € T,), —APp;(u) > 0 


(€T,), APwi(u) > 0 GET), )> (of + oY) =1, 
1ET 
w Ww L U 
Np, (Go) 2 9 ATo4 (Go) LO and AP, _(EUT_(Go) 29 (Ue O"; 
A yA A SAP) € RY RY eR x ORE x Ax OR RR, 


The feasible set of (MW Dys(€o)) is defined by 


Fyc a (Eo) =f (ua al AAA) € R” x RT x RP x RP x RA 


x R™ x R" | ATri(u) > 0 (6 € T-), Zoi (u) = 0 (4 € Tz), 
— Mo(u) > 0 (@ € T,), APwi(u) > 0 (i € T;), 
S- (af +a¥) =1, MT, (Eo) > 0,AF,, (g) 0, and 


ieT 
AT, (€o)UTo— (Eo) 2 0, S- ay VO7(u) ae »; al VOY (u) 
i€T ieT 
+ $2 ATV ri(u) + S> APVoi(u) — S> NV pi(u) 
iCT, i€Ts i€T 
+ S- AY Vwi (u) = of. 
i€T, 


Furthermore, let us denote by Ty, the projection of Fycj, on R”; that is, 
Pur (€o) = {u € R"|(u, a”, a4, A7,A7, A”, A?) € T'a(€o) } ; 


The other Mond—Weir type duality problem of MIVVC, which is not depen- 
dent on &9, is 


(MW Dw): Rl” — max 0() 
subject to 


(baa? XAT AP, A") € Tu al () Tar(€o)- 
oer 


Definition 9. Let  € Fyc. Then (u, a", a, X7,X7, A”, A”) € Fycar (Eo) is 
a locally LU-efficient solution of (MW Dy,(&o)) (locally weakly LU-efficient 
solution of (MW Dy,(€o))) if there exists U € O(%) such that there is no 
(u, al’, ar, ATA, A”, r°) € Fvcem (£0) AU satisfying 


Tran. j. numer. anal. optim., Vol. 13, No. 3, 2023,pp 354-384 


Japamala Rani, Ahmad and Kummari 376 


Theorem 7 (Weak duality). Let € € Fyc and (y,a%,a7,X7,A7, A”, A°) € 
Fycy. Suppose that 7; (¢ € T7(€)),0; (@ € TI (€)), a1 (6 € TE (€)), oi (2 € 
7 @).-o @ € ThEUT ©). @ € THO) UTE} UT) U 
Tee) Oe Ty olf y)U He ne) T.(é )) are quasiconvex functions at 
w on Fycy, Ul y. If 04, 0Y (i € T) are strictly pseudoconvex functions at 
on Fycy Ul, then HE) oT dp) 


Proof. For € € Fycyy and 


(7p, a”, a7, 7, A7, A”, A?) € Fycm = () Fyc (0), 


€0€F vc 


we have 
Ti(€) SOM ET,), oi(€) =O ETS), pil) 20%ET,), a aes 


22 
So ak VIF (W) + So a VOP (h) + SO ATW ri) + SO APVoi(e) 


— 


1ET 1ET 1€T, 1ET, 
— $2 NVpi(d) + SS APVwi(W) = 0, (23) 
i€T,. 1€T;, 
and 
Mrl(w)>0@ET,), Aoi(w)=0 ET), 
—Mpi(b)>O(ET,), AMPwi(W) > 0 (6 T,), (24) 
with 


L U\) _ Ww Ww 
> (a; + a; ) = de Mr, (€) 2 0, rT, (E) < 0, AT, (€)UT_ (€) = 0. (25) 
1ET 


It follows from the above inequalities that 
7(€) <0<7(~) <0, forallic T*(8), 
oi(€) =oi(b) =0, for allie TF(QHUTT(O), 
pilE)=0< piv), for all ie Ty (6), 
—pi(E)<0<-pi(p), for allie TH(E)UTH (6), 
wi(E)<O<wi(H), for allie TH(E)UTP (€) UTH(E) UT (), 
—wi(£) <0< —wi(y) =0, for all ¢ € Tyy() U Thy. (€) U Too (€)- 


Thus, we deduce from the quasiconvexity of 7; (i €¢ T7*(€)), oi (i € TF (€)), 
—o; @€ TS (€)), 0: (6 Ty (€)), -pi (6 € TE (E) UTS (8), 
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wi (i € THo(€) UTE (€) U To5(€) U TeX (€)), wi (¢ © Tho (E)UTo4 (E)UTo0 (€)) 
at w and the definitions of index sets that 


(Vri(y),€—%) $0,A7 >0, for alli e TT(), 
(Voi(w),€-—v) <0,A9 >0, forallie TT(S), 
(-Voi(w),€-—v) <0,A7 <0, for alli € TT (8), 
(Vpi(d),€-) <0,AP <0, for allie Ty (€), 
(-Vpi(h),€-v) <0,M%>0, for allie TH(QHUTF(O), 
(Vwi(v),€-v) $0,AP > 0, — for all t€ TYo(E) UTP (€) U Top (€) U Tot (€), 
(-Vui(),€- 8) SOAP <0, for alll ¥€ Tyy(€) UT; (©) U Too 6), 

Employing this together with (23) gives us the inequality 


(Sabverw +S> al Vo" (W),€- ») 


ieT ieT 


=- ( Do AVY) + SE APVouh) — SO Veil) + SF APVwi(d), €- *) 


i€T, 4€Ts i€Ty 1€Tr 
> 0. (26) 


Assume by contradiction that 


O(€) Xru VY). 


This is equivalent to 


we<Hw  f wHEOsHw of vO <9@) 
BYE) < 0)’ IY(E) < Mw)’ BY) < w) | 


Since 0F, 0Y (i € T) are strictly pseudoconvex functions at W, we have 


Ko? 7 


(Vor (wv), €-—v) <0, for allie T, 
(VOY (w),E-—W) <0, for allie T. 


Taking into account a” € RY,a” € RP and from )>;", (af + a¥) = 1, we 
have 


(Satvor + So al Vol (b),€- °) <0, 
i=l 


i=1 


contradicting to (26). 


Example 3. Let m=n=1, let p=q=0 and let r = 1. Let us investigate 
the following (MIVVC — 3): 
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MIVVC—3  Ry-min B(€) = (01 (€), Y2(€)) 
= ([46? —€,48? +€ + 1], [€? — 26, €* + 26]) 
subject to 
pilé) =€ 20, 
wi(€)pi(§) = (-1- €)€ < 0. 
Then, Fyc3 = {€ € R | pil(€) > 0, wi(S)pi(€) < 0}. For any € € Fycs, the 
corresponding Mond—Weir dual problem to MIVVC-3 is given by 
(MW Dy — 1) Rit — max V(u) 
= ([4u? — u, du? + ut 1, [u? — 2u,u* + uJ) 
subject to 
a’ (8u — 1) + ad (8u +1) + aF (Qu — 2) + a (4u3 + 2) 
— A¥(1) + AZ(-1) = 0, -Af(u) = 0, AZ(-1— u) 2 0, 
of +a = lat +a =1, 
<0, if1 € To+(fo), 
2 0, if1 € Ty_(€0) U To_ (£0), 
ER, ifl € Ty0(0) U Too(£o), 
where (u,al,ay aka, AY, MM) ERX Rx Rix RixRyxRxR. 


a4 = 0, ifl € 1 (bin); dhe 
' ER, if € To(o), : 


Therefore, we get the following feasible set of problem (MW Dy (0) — 1): 


(Fyce ar (0) — 1) := {(u Oi 04 ¢05 05 A”) Ee Rx RE XR x Re 


x RY x R” x R” | —Af(u) > 0,AP(-1—u) > 0, 
ab +of =1ab+aY =1, 4 € RAY eR, 
al VIE (u) + a VIE (u) + af VIE (u) 


+ of VY (u) — MV pr(u) + APVer(u) = of. 


By taking & = 0 © Fycs, we evidence from Examples 1 and 2 that all 
suppositions of Theorem 1 are fulfilled. Now, by choosing af = aY = j,a% = 
of ad AS SH 0 

2 9741 Peet ’ 


we have 


(1) + (1) +5(-2) + 52) — 20) 4.480) <0. 


Finally, by the strict pseudoconvexity of Jf, 0¥ (i € T) at Ww on Fycy Ul 


a? av 


and by simple calculations, we get J() Aru V(v). 
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Theorem 8 (Strong duality). Let & © Fyc be a locally weakly effi- 

cient solution of MIVVC. If MIVVC-VACQ holds at €) and the set A; 

is closed, then there exists (@”,@7, \7,X7,\%,\?) € RP x RT x RP x 
r r 7 m aL aU 

R? x R” x R’ with D7, (ak +a¥7) = 1 eg 0, eae (fo) 2 


0, NF, (Eo)UTox(Eo)UTH (Eo) = 9 ADA AF, s(ejuMH9(go) ZO Such that (Eo, a”, 
@ AT, AZ, A”, A") € Fyn (Eo). Furthermore, assume that Ti(i € T*(E0)), o1(4 € 
jig (€0)), —94(i et, (60)); pili € T (£0), — pili € T} (Eo) U Ty (Eo), wilt € 
Tto(Eo) UTY_ (£0) U Ty (Eo) U To ' (&)), —wi(t € Ty (£0) U To (£0) U Too (o)) 
are quasiconvex functions at €o. If 0 JY (i € T) are strictly pseudoconvex 
functions at &, then (£p, Oa Na , A’) is an LU-efficient solution of 
MWD wy (£0). 


Proof. By Theorem (1), there exists (G,a By MN AP) eS FE SOE 
R? x R¢x R” x R’ with DO”, (ak +a¥) = L ME tes) = =, Myo (€o)UTo- (Eo) = 


0, Ag, _(€0)UT+.(Eo)UTo_ (Eo) = 9 and 54 o(€o)UToalEo ) 2 0 such that 
So al Voi (w) + So al Vol (h) + SO ATWri() + SO APVoi(d) 
1ET 1ET 1ET, ieT, 


— DE NV eb) + D7 APVui() = 0. 


i€Ty i€T, 
Since AT € RP, one has \77;(€o) = 0 for all i € T,. The fact that & € Fyc 
guarantees that AZo;(o) = 0. Furthermore, we deduce from 4/4, 1 (€) = 9 and 
pi(€o) = 0 for all ¢ € To(€o) that —A?p;(E) = 0 for all i € T,. Ta addition, 
we get from % _(€o)UTo+ f 0 T)_(é&) = 9 and w;(€9) = 0 for all ¢ € Ty0() U 
Too(Eo), that eae or alli € T,. Thus, (£,@%,&,A7,A7, A”, A?) € 
Fvcm (£0): 
(i). Now, arguing by contradiction, let us suppose that (€),a”%,@, \7, A7, AX, A”) 
is not a weakly LU-efficient solution of MW D),(& ). By the definition, there 
exists (u,a”’,aY,A7, A, A”, A?) € Fyceas (Eo) such that 


Y(0) <zu (wu), 


which contradicts with Theorem 4(i). 


(ii). Reasoning to the contrary, Let us assume that (€,@",a/, 7, 7, \”, A”) 
is not an LU-efficient solution of MW Dy, (go). Then, there exists (u,a’,a¥, X7, 
A?, A”, A”) € Fycm (G0) such that 


Y(£o) Srv Bu) 


which contradicts with Theorem 4(ii), and thus, completes the proof. 


Theorem 9 (Strict converse duality). Let € € Fyc be a locally weakly effi- 
cient solution of MIVVC such that MIVVC-VACQ holds at € and the strong 
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duality between the MIVVC and the (MWD m)(€) as in Theorem 8 holds. 
Also, let (w,@%,@7,A7,\7, A”, 4?) € Fvcm be an LU-efficient solution of 
(MW Dy) (€). Moreover, Suppose that Jf, JY (i € T) are strictly pseudocon- 
vex functions and that ni(i e T+(é)), oi(é € Ere), —ai(t € FT (€)), pili € 
T (é)),—pili € TH (E U Te (6), wilt € Thy UTE BU TH (6) UTP (6), 

— wilt € Tale) U T>,(€) U To9(€)) are quasiconvex functions at 7 on 
Fycy Ulm, respectively. 


Proof. Suppose, contrary to the result, that ra x w. Then, by the strong 
duality theorem, there exist (a”%,a%,X7,A7, A”, 4?) € RP x RT x R? x RY x 
R” x R” such that (),0%,a%,X7,A7, A”, \?) is an LU-efficient solution of 
MWDy,,(), and hence 


9(E) = (i). (27) 
By the strict pseudoconvexity of 0, 0Y (i € T) at w on Fycjyy U'm, we have 
(s ab VF (hb) + > al VI" (Wh), € -— ®) LH, (28) 

t=1 


By the quasiconvexity of 7(i € T;* (€)), oli e T+(8), =—aeT, (€)), pili € 
Ty (é)), —pili € TH (E) UTS (8), wild € TH (€) U TH (EU Ty (E) U TH), 
—wi(t € Ty (€)UT53 (E)UT0(E)) at w on FycUl wwop and by the definitions 
of index sets, we have 


<0,A7>0, for allie T+(€), 
<0,A7 >0, for allie T+(€), 
(- Voip), é— b) <0,A7 <0, forallie Tr(8), 
(Voi(d),€-$) <0, <0, foralie Hy 6, 


(-Vpi(b),€-8) <0, >0, for ali THOUTS OH, 


(Vai(}),€—b) <0, >0, for all te TE(QUTE OUMO UTLES, 
(-Vwi(h),€-B) <0,A% <0, for all ie Tyo) UTS U Tool), 


which implies that 


(> MVrilh) + S> AP Voi(d) — S> MV pilh) + > APVeri(d), & ‘| <0. 


i1€T, i€T, i€T,,. 1€T, 
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On adding the inequalities (28) and (29) and by using the duality constraint 
of (MW Dy (o)), we have 


O(») <xv 9(€). 
which contradicts with (27). 
6 Special cases 
(4). If 01(€) = Vo(E) =--- = Vm(E) then the MIVVC problem reduces to 


the following (IVVC) problem of Ahmad et al. [2]: 


(P-1) min 8(€) = (01 (€)) = W7), OF ) 
subject to 
7(€) <0, for all i=1,2,. 


ai(f) = 0, fall = 1D est, 
pi(€)>0, for alli =1,2,...,7, 
wi(€)oi(€) <0, for alli =1,2,...,r. 
(i). If 01(€) = o(€) = +--+ = Om(€) and VF (€) = VY (€) then the MIVVC 


problem reduces to the following (MPVC) problem of Hoheisel and 
Kanzow [12] and the (MPVC) problem of Ahmad, Kummari, and Al- 
Homidan [3]: 
(P-2) min v() 

subject to 

Ti(€) <0, for alli =1,2,. 

oi(§) =0, for alli = LB 

pi(€) >0, for alli =1,2,. 

wi(€)pi(€) <0, for alli = i. igh 


(iit). If pi(€) = 0 = w,(€), for all ¢ = 1,2,...,7r, then MIVVC problem re- 
duces to the following IVP problem of Antczak and Michalak [5]: 


(P-3) min -9(E) = (01 (£), J2(€),---,Om(E)) 
subject to 
74(€) <0, for alli =1,2,...,p, 
of) =U, tor ally = 1,2. ..2,¢. 


As a result of the above special cases, it is evident that the problem MIVVC 
presented in this article is more generalized. 
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7 Conclusion 


In this paper, we have considered a multiobjective interval-valued program- 
ming problem involving vanishing constraints. Based on generalized convex- 
ity assumptions, the sufficiency of the Karush—Khun—Tucker necessary op- 
timality conditions has been established. Furthermore, we have anticipated 
Wolfe and Mond—Weir dual problems for the considered multiobjective pro- 
gramming problem with interval-valued objective function and delved into 
several duality results under convexity assumptions. The results established 
in the paper were exemplified by an example. 
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